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NONISOTHERMAL DEFORMATION OF A VISCOELASTIC MEDIUM 

A. I. C h u d n o v s k i i  
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One of the current problems of the mechanics of viscoelastic 
media is the question of the effect of temperature. This problem 
was first raised in the work of A. A. Aleksandrov and Yu. S. 
Lazurkin who set forth the basic ideas of the principle of tempera- 
rote-time superposition for isothermal loading at different tempera- 
tures. A similar approach was adopted by Leaderman, Ferry,. and 
others. Subsequently, in the work of Morland and Lee [1] the prin- 
ciple was formally extended to the case of variable temperatures. 

In this paper the problem of the nonisothermal deformation of a 
viscoelastic medium is examined on the basis of the thermodynamics 
of irreversible processes. Given sufficiently well justified assumptions 
about the construction of the basic thermodynamic potential, this 
approach inescapably leads to the conclusion that the state of the 
viscoelastic medium depends not only on the current value of the 
temperature field but also on its history of variation. The relations 
obtained are similar to those proposed in [1], thus providing a 
theorerico-physical basis for the above-mentioned principle and its 
extension to the case of nonisothermal processes. 

w W i t h  t h e  u s u a l  a s s u m p t i o n s  of c o n t i n u u m  m e -  

c h a n i c s  c o n c e r n i n g  t h e  a b s e n c e  of c h a n g e s  in t h e  

e l e c t r o m a g n e t i c  f i e l d s ,  c h e m i c a l  p o t e n t i a l s ,  e t c . ,  

t a k i n g  i n t o  a c c o u n t  on ly  t h e r m o m e c h a n i c a l  e f f e c t s ,  

we c a n  w r i t e  t h e  e n e r g y  b a l a n c e  e q u a t i o n  in t h e  f o r m  

u" = 6 U e i /  A r- q i  ., q i  . = Oq ~ q i  . =_ Oq ~ ~aii. 
, ~ ,3  o x i  ' , ~ Ox  j 

H e r e  u i s  t h e  i n t e r n a l  e n e r g y  d e n s i t y ,  q i  i s  t h e  h e a t  

f l o w r a t e  v e c t o r ,  a n d  gU i s  t h e  m e t r i c  t e n s o r  (a do t  
a b o v e  a f u n c t i o n  d e n o t e s  t h e  t i m e  d e r i v a t i v e ) .  L e t  s 

b e  t h e  e n t r o p y  d e n s i t y ,  a n d f  t h e  f r e e  e n e r g y  d e n s i t y ,  

] =  /s - - T s .  

T h e n  Eq. (1.1) c a n  b e  r e w r i t t e n  a s  

(1.2) 

/" 6ijei 3" _~_ i = q .i - -  Ts" - -  sT:  (1.3) 

T h e  r a t e  of i n c r e a s e  of e n t r o p y  f o r  t h e  s y s t e m  as  

a w h o l e  c a n  b e  r e p r e s e n t e d  a s  a s u m  

P 
S" = S~" + ~ ~l'dV. (1.4) 

V 

H e r e  S e i s  t h e  e x t e r n a l  e n t r o p y  f lux ,  and  ~? is  t h e  i n -  

t e r n a l  e n t r o p y  s o u r c e  d e n s i t y .  S i n c e  

qr i i T 

v F V 

w h e r e  F i s  t h e  s u r f a c e  b o u n d i n g  t h e  v o l u m e  V in 

q u e s t i o n ,  f r o m  (1.3) a n d  (1.4) w e  ge t  

. I r _ iq~T, 
'1 = - f  L -  f + z % i / -  sT' T ]" (1.6) 

w An especially important role in the thermo- 
dynamic analysis is played by the choice of the basic 
system of parameters. All possible changes in the 

viscoelastic medium are macroscopically mani- 
fested in changes in at least one of the quantities a ij, 
eij or T. Therefore as a complete system of param- 
eters of state of an element of the medium we can 
take 

{~r~, eij, T}. (2.1) 

We s h a l l  i s o l a t e  f r o m  the  t o t a l  d e f o r m a t i o n  a p a r t  

e~] ) "  f o l l o w i n g  i n s t a n t a n e o u s l y  f r o m  c h a n g e s  in t h e  e x -  

t e r n a l  c o n d i t i o n s .  A s  e x p e r i m e n t s  show,  we m a y  w i t h  

s u f f i c i e n t  a c c u r a c y  a s s u m e  t h a t  i t  i s  p e r f e c t l y  e l a s t i c :  

eli(I) (t) = G~i~t ~z  + a6ij (T - -  To). (2.2) 

T h i s ,  r o u g h l y  s p e a k i n g ,  i s  a t t r i b u t a b l e  to  t h e  f a c t  
t h a t  t h e  i n s t a n t a n e o u s  s t r a i n  i s  c o n d i t i o n e d  by  c h a n g e s  
in  t h e  i n t e r a t o m i c  d i s t a n c e s ,  i . e . ,  h a s  t h e  s a m e  n a -  

t u r e  a s  t h e  s m a l l  s t r a i n s  of o r d i n a r y  l o w - m o l e c u l a r  

m a t e r i a l s .  In  t h i s  c a s e  t h e  a f t e r e f f e c t  i s  g i v e n  by  

e (.9.) e (1) (2.3) 

It  i s  e a s y  to  o b s e r v e  t h a t  t h e  s y s t e m  of p a r a m e t e r s  

{e~}), el}), T} (2.4) 

i s  e q u i v a l e n t  to  s y s t e m  (2.1) a n d  m a y  b e  t a k e n  as  t h e  
b a s i c  s y s t e m .  

S i n c e  f i s  a f u n c t i o n  of s t a t e ,  f r o m  (1.6) we  o b t a i n  

~1" = -q- z*~ ~<,)/ ~5 + 
0_,5. \ 0s~/ /  " 

- -  o 2 ~ + s  T"-- -  y . (2.5) 

In accordance with the second law of thermody- 
namics 

~I> 0, (2.6) 

the equality applying only in the case of reversible 
processes. 

In analyzing the deformation processes we shall make use of the 

ideas expounded in [2]. As distinct from the material investigated 

in that study, a viscoelastic medium is characterized by several 

types of reversible deformation processes. This is because for such 
a medium reversible processes are possible at different rates of 
change of the external conditions. 

a) W e  s h a l l  a s s u m e  t h a t  t h e  e x t e r n a l  f o r e e s  v a r y  

" i n s t a n t a n e o u s l y , "  i. e . ,  in  t h e  c o u r s e  of an  i n t e r v a l  

of t i m e  s o  s h o r t  t h a t  t h e  a f t e r e f f e c t  i s  u n a b l e  to  d e -  
v e l o p .  T h e  t e m p e r a t u r e  f i e l d  i s  u n i f o r m  a n d  a l s o  

v a r i e s  i n s t a n t a n e o u s l y ,  r e m a i n i n g  u n i f o r m ,  

e~/~) = O, T,~ = O. 

Then from (2.5) we obtain 

= (r," - -  (0-~ + s) T'. o ( z ' i - -  o! )8i~ (2.7) 
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Hence, thanks to the independence of e~j )" r 
fol lows that  

~ _  of__ = 0, 
0~i~z 

01 
aT + S ' =  O. (2.9) 

In the ca se  in ques t ion  the v i s c o e l a s t i c  med ium 
behaves  as if it we re  pe r f ec t l y  e l a s t i c .  

and T",  it 

(2.8) 

I T E ro 

Fig. i 

b) Let  al l  the ex t e rna l  condi t ions  v a r y  q u a s i -  
s t a t i c a l l y  (at " i n f i n i t e s ima l "  r a t e s )  fo r  a un i fo rm 
t e m p e r a t u r e  f ield.  Then f rom (2.5) 

Hence 

\ (~,, .~ (-~- -t- s) dT. 
Oe~ 3 

(2.10) 

.. al a] a] ~" Os(.al~ 0, a ~* Oe~ = 0, ~ -  + s -~ 0. (2.11) 

(1) and Solving the f i r s t  equat ion of (2.11) fo r  ~ , the  
second  for  e[~) with account  fo r  the  fact  that  etJ) + 
+ et~ ) = ei j ,  we get  the f inal  e x p r e s s i o n s  r e l a t i n g  the 
s t r e s s  t e n s o r  with the to ta l  s t r a i n  t en so r .  This  c a s e  
of r e v e r s i b l e  and e q u i l i b r i u m  v i s c o e l a s t i c  d e f o r m a -  
t ion may  be f o r m a l l y  i n c o r p o r a t e d  in the p h y s i c a l l y  
non l inea r  t heo ry  of e l a s t i c i t y .  

c) We sha l l  a s s u m e ,  f inal ly ,  that  the e x t e r n a l  
f o r c e s  v a r y  in s t an t aneous ly  and the t e m p e r a t u r e  f i e ld  
q u a s i - s t a t i c a l l y ,  r e m a i n i n g  un i form,  

s i / 2 ) ' = 0 ,  T i =  0, T' = 0 .  

We a l so  note that  f rom (2.8), by v i r tue  of (2.2), it  
d i r e c t l y  fol lows that  

] (e~), e~), T) = ]1 (e~), T) + ]o (e[~), W). (2.14) 

The l a s t  equat ion is obviously va l id  at any point of 
phase  space .  

w In a c c o r d a n c e  with the  concepts  of the  t h e r m o -  
dynamics  of i r r e v e r s i b l e  p r o c e s s e s  [3], the t h e r m o -  
dynamic  f o r c e s  may  be  r e p r e s e n t e d  in the f o r m  of a 
l i n e a r  combina t ion  of f luxes.  As may  be seen  f rom 
(2.13), in the given ca se  the ro l e  of t h e r m o d y n a m i c  
f o r c e s  is  p layed  by 

((#j_ 012 / &i/2)), (a/t0T + s), T,i, 

while  the c o r r e s p o n d i n g  f luxes  a r e  the quant i t ies  
e t l ) ' ,  T" and qi. 

Consequent ly ,  we can w r i t e  

�9 " ~ ij k ~" - -  = B q ~ s ~  )" + BIJT" q- Biq ~ -}- B~ q . (3.1) 
~ j  

We a s s u m e  

/~. (e (2) T) = A (T) s (2) e(~) -}- cp.~ (T). (3.2) , i j '  mn kl 

(Essen t i a l ly ,  th is  is  the  usual  a s sumpt ion  about 
the l i n e a r i t y  of the rheo log ica l  r e l a t ions .  ) 

If we a s s u m e  that  the m a t e r i a l  is  i so t rop i c ,  then 
the l a s t  two t e r m s  in (3.1) a r e  e l im ina t e d  by v i r t ue  
of the  Cur ie  p r inc ip le .  Hence, us ing  (2.14), we ob- 
t a in  the fol lowing s y s t e m  of o r d i n a r y  d i f f e ren t i a l  
equat ions :  

~ij AiJklg(~l}--- nljran (2)' -- ~ ~ .... + B~JT" (3.3) 

We sha l l  w r i t e  i t  in the  usual  fo rm,  so lv ing  for  
the components  of the a f t e re f f ec t  s t r a i n  r a t e  t e n s o r  

g(2)' ~l ..~ + Lmn (T) s(~) = P . . ~ N  ~J'-  OmiT: (3,4) 

The s t r u c t u r e  of L, P, and Q is  e a s i l y  d e t e r m i n e d  
f r o m  the condi t ion  of i so t ropy .  Hencefor th  we sha l l  
be i n t e r e s t e d  in the  c a s e  

In th is  c a s e  f r o m  (2.5) we get  

O = ( ~ J - -  a/ ~01 ), (2.12) 

F r o m  th is  t h e r e  again  fol lows Eq. (2.8), w h e r e a s  Eq. 
(2.9) and the t h i r d  of Eqs. (2.11) a r e  no l o n g e r  s a t i s -  
f ied.  Thus,  (2.8) is  va l id  fo r  any r e v e r s i b l e  change 
in the  s t a t e  of the  v i s c o e l a s t i c  med ium.  A r e v e r s i b l e  
p r o c e s s  of at l e a s t  one of the a b o v e - m e n t i o n e d  types  
is  r e a l i z a b l e  f r o m  any s ta te ;  consequen t ly ,  (2.8) 
mus t  a l so  be va l id  fo r  any s t a te .  As  d i s t i nc t  f r o m  
(2.8), Eq. (2.9) and the t h i rd  of Eqs. (2.11) a r e  not 
va l id  fo r  any s t a t e .  

With th i s  in mind,  we may  a s s e r t  that  in the  
g e n e r a l  c a s e  of v i s c o e l a s t i c  d e f o r m a t i o n  the e x p r e s -  
s ion  for  the  en t ropy  s o u r c e  dens i ty  has  the  f o r m  

t F/ ~. a[ ~ [ a/ s~ T. qiT, i ]. 
= T - < V  - § ; - 

(2.13) - W -  J ~ ~  

L~n(t) =L~T~(t) at any t. (3.5) 

e" l ~ Goner 

Fig.  2 

We sha l l  i n t roduce  the ob jec t  a( t )  s a t i s fy ing  the 
equat ion 

rs rs [ ~ t  (t)]" -- - -  L[] n (t) ~],,,,~ (t), (3.6) 

with in i t i a l  condi t ions  

~ = 6 ( 6 /  at t:= o 

(f~ i s  often c a l l e d  the  m a t r i z a n t ) .  
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T h e n  t h e  g e n e r a l  s o l u t i o n  of  (3.4)  m a y  b e  w r i t t e n  

in  t h e  f o r m  

= f l ~ % ( ~ )  (t 0 ) +  

t 

+ )f' K"~n~ t't, "~) [ P m , ~ t  ('C) --  Qm~T" (~)] d% (3 .7)  
0 

m n  
w h e r e  Ki j  (t,  r)  i s  t h e  s o - c a l l e d  C a u c h y  m a t r i x  ( in  

t h e  g i v e n  c a s e  a f o u r t h - o r d e r  t e n s o r ) ,  

~,~" (t, ~) = ~g.~ (t) [ ~  (~)l -~. (3 .s )  

F r o m  t h e  a s s u m e d  e x i s t e n c e  of  a s t a r t i n g  u n -  
s t r e s s e d  a n d  u n d e f o r m e d  s t a t e  a t  t = 0 i t  f o l l o w s  t h a t  

e~}~ (t = 0) = 0. (3 .9 )  

A s  a r e s u l t ,  t h e  r e l a t i o n  b e t w e e n  t h e  s t r e s s  t e n s o r ,  

t h e  t o t a l  s t r a i n  t e n s o r  a n d  t e m p e r a t u r e  h a s  t h e  f o r m  

ei~ (t) = Gijkzz~z(t) + ct6~ (T -- To) -i- 

t 

+ f Ki'~" (t, ~r) [ P ~ z z  hz @) - -  Qm, T" (~)1 
(3. 10) 

dT. 
0 

T o  d e t e r m i n e  t h e  m a t r i z a n t ,  w e  r e p r e s e n t  i t  i n  

t h e  f o r m  of  a m u l t i p l i c a t i v e  i n t e g r a l :  

t 
r s  "* r~sj  ~s 

~ j  (t) = f (61 ~ L ~ f l t ) .  (3 .11)  
0 

W h e n  c o n d i t i o n  (3 .5)  i s  s a t i s f i e d ,  (3 .11)  r e d u c e s  t o  

a t e n s o r  of  t h e  f o r m  

t 

0 

T h e n ,  b y  v i r t u e  of  (3 .8 ) ,  

t 7 

Ki~ '~ (t, "r) = exp - -  Lij (0) dO exp L~s '~ (0) dO = 
0 0 

t , , (3 .13)  

= exp ( - -  l Lpq (0)dO)exp  ( - -  I Lv~ (0 )dO)exp  i L :  n (0)dO. 
r 0 0 

S i n c e  

( t  ) f . . . .  
exp - -  Lpq(0) d0  exp  L ~  (0) d0 = 6  v 6 q ,  

0 0 

(3.14) 

w e  f i n a l l y  g e t  

t 

1% (t, ~) " ~ dO). (3 .15)  . m ,  = exp ( - - I L ~  , (0) 

w Let us consider the uniform strain in some simple stress state, 
e . g . ,  that of a cylindrical test piece in uniaxiaI tension. Then (3.17) 
becomes 

z(t) 
e (t) = ~ q- a (T(t)--To)+ 

t t 

-~- Sexp ( - -Sk(0)  d0 )[PE('~Tr) z ( ' ) - -~T ' (v) ]d~: .  (4 .1 )  
"* 0 

Hence for isothermal loading we have 

t 

~(t) ~p(T0) (4 .2 )  e ( t ) = ~  + . ] - - ~ r  e x p t - - k ( T o ) ( t - - v ) l z ( ~ ) d v ,  
0 

In (4.2) the temperature enters as a parameter.  It is easy to see, 
however, that in the general case the deformation of a viscoelastic 
medium can not depend on the value of the temperature only at the 
current instant t (or only at the instant r). In fact, let us consider 
the process illustrated ha Fig. 1, 

~ ( t ) = { ; o  ar t<t l ,  T ( t ) = { T o  at t<t~ n t>ts ,  
at t ~ t  b' TI at t ~ t ~ t s .  

For real viscoelastic materials (e. g. ,  high polymers) the after- 
effect is very sensitive to changes in temperature, since its internal 
mechanism is intimately connected with the thermal motion of the 
molecules, Therefore an increase in temperature on the interval 
(is,is) has an effect on the strain at any moment t > is. However, 
if we assume that (4.2) is also valid for nonisothermal deformation 
(when k = k(T), where T = T(t) or T = T(7)), then these changes 
in temperature will have no effect on the state of the material  at 
t ime t > t s. 

Apparently, these considerations served as a basis for the exten- 
sion of an expression of the type (4.2) to the nonisothermal case pro- 
posed in [1]. From this extension there follows an equation similar 
to (4.1), if we set B -= 0 in the latter. 

We shall stress the following two points: 1) the theological equa- 
tion (4.1) was obtained above on the basis of a thermodynamic analy- 
sis; 2) the term with the coefficient 3 in the integrand is of 
considerable significance. This follows from the results of the classic 
experiments of Meyer and Ferry, Huth and coworkers, etc. (see, for 
example, [4]). 

We recall  that in these experiments the variation in stress was 
investigated for a specimen with fixed strain upon variation of tem- 
peratoze. A typical curve obtained in such experiments on elastomers 
has the form shown in Fig. 2. At a value of T smaller than a certain 
characteristic value for the given elastomer and a specified ~ = const, 
o decreases with increase in T (for ordinary materials this occurs at 
any T). At a temperature greater than that indicated, o increases 
with increase in T (almost linearly). 

F r o m  (4.1)  i t  f o l l o w s  t h a t  

a (t) = E {e (t) - -  a (W(t) - -  W0) + 

t 

+ IexpI-- lk(O)dOl~T'( 'Od'~}--  
0 ": 

t 

- - ~ , I F  (t, ~, ~) {e ( , ) - -  a (T (T) - -  (4 .3)  
0 

0 s 

w h e r e  k = E / E  r .  T h e  l a s t  t e r m  i n  (4 .3)  t a k e s  i n t o  
a c c o u n t  t h e  r e l a x a t i o n  e f f e c t s ,  w h o s e  i n f l u e n c e  on  

t h e  a b o v e - m e n t i o n e d  e x p e r i m e n t s  w a s  r e d u c e d  t o  a 

m i n i m u m .  T h i s  m e a n s  t h a t  i n  t h e s e  e x p e r i m e n t s  t h e  

n a t u r e  of  t h e  s t r e s s - t e m p e r a t u r e  r e l a t i o n  i s  g i v e n  b y  

(t) ~ E {e (t) - -  a (T - -  To) + 

t r 

(4 .4)  

H e n c e  i t  i s  c l e a r  t h a t  f o r  a s u i t a b l e  c h o i c e  of  fl = 

= f l (e ,  T ) ,  Eq .  (4 .1)  d e s c r i b e s  t h e  e x p e r i m e n t a l l y  
e s t a b l i s h e d  i n c r e a s e  i n  s t r e s s e s  w i t h  i n c r e a s e  i n  

t e m p e r a t u r e .  H o w e v e r ,  i f  w e  s e t  13 = 0 ( in  t h i s  c a s e ,  

i t  s h o u l d  b e  s t r e s s e d ,  ( 4 . 1 )  r e d u c e s  to  t h e  e x p r e s s i o n  
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proposed in [1]), then ins tead of (4.4) we get 

(t) ~ E [e (t) - a (T --  T0)], 

which for e = const  gives the usual  effect of dec rease  
in s t r e s s  with i n c r e a s e  in T. 
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